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Abstract
Vortex phase in a singlet superconductor in the absence of impurities is shown to be absolutely
unstable with respect to the appearance of a triplet component which breaks both inversion
and time-reversal symmetries of Cooper pairs. Symmetry breaking paramagnetic effects are
demonstrated to be of the order of unity if the orbital upper critical field, Hc2(0), is of the
order of Clogston paramagnetic limiting field, Hp. We suggest a generic phase diagram of such
type-IV superconductor, which is singlet one at H = 0 and characterized by mixed singlet-triplet
order parameter with broken time-reversal symmetry in vortex phase. A possibility to observe
type-IV superconductivity in clean organic, high-Tc, MgB2, and other superconductors is discussed.
PACS numbers: 74.20.Rp, 74.25.Op, 74.70.-b
1
It is well known that Meissner effect, which is the main feature of superconductivity phe-
nomenon, is used to classify superconducting materials. In type-I superconductors, where
Meissner effect is complete, superconductivity is destroyed at H > Hc (where Hc is thermo-
dynamic critical field), whereas, in type-II superconductors, superconductivity phenomenon
survives at highier magnetic fields, Hc1 < H < Hc2 (where Hc1 < Hc < Hc2) in the form of
Abrikosov vortices [1,2]. Type-II superconductors can be subdivided into two main classes:
superconducting alloys (or dirty superconductors) [1,2] and relatively clean superconductors,
where type-II superconductivity is due to anisotropy of their electron spectra and relatively
high effective masses of quasi-particles [3]. Due to a success in synthesis of novel materials,
a number of new classes of relatively clean type-II superconductors were discovered during
last 30 years, including organic [4,5], heavy-fermion [6], high-Tc [7], Sr2RuO4 [8], MgB2 [9],
and other superconductors. Currently, the above mentioned relatively clean type-II super-
conductors are the most interesting and important materials both from fundamental point
of view and from point of view of their possible applications.
Usually, orbital superconducting order parameter, ∆(r1, r2), corresponding to pairing of
two electrons in Cooper pair, can be expressed in the form ∆(r1, r2) = ∆(R)∆ˆ(r). [Here,
external order parameter, ∆(R), is related to motion of a center of mass of Cooper pair,
R = (r1 + r2)/2, whereas internal order parameter, ∆ˆ(r), describes relative motion of
electrons in Cooper pair, r = r1 − r2]. From this point of view, type-II superconductors
in their vortex phases are characterized by broken symmetries of external order parameter,
∆(R), which is responsible for Meissner currents [1,2].
Other important issues are symmetries of internal orbital order parameter, ∆ˆ(r) (or
its Fourier component ∆ˆ(k)), and related spin part of superconducting order parameter,
∆ˆ(σ1, σ2). In accordance with Fermi statistics, internal order parameter, ∆ˆ(k), is an even
function of variable k in the case of singlet superconductivity (where the total spin of Cooper
pair |S| = 0) , whereas ∆ˆ(k) is an odd function of k in the case of triplet superconductivity
(where |S| = 1) [10,11]. Depending on symmetry properties of ∆ˆ(k), superconductors are
subdivided into conventional ones [1,2] (where superconductivity can be described in terms
of BCS s-wave singlet pairing) and unconventional ones [10,11] (where symmetry of ∆ˆ(k) is
lower than the underlying symmetry of crystalline lattice).
It is commonly believed [1,2,10,11] that magnetic field does not change internal supercon-
ducting order parameters (i.e., wave functions ∆ˆ(k) and ∆ˆ(σ1, σ2)) and, thus, Cooper pairs
can be considered as unchanged elementary particles in Abrikosov vortex phase. Moreover,
although related to the external degrees of freedom Meissner currents break time-reversal
symmetry of ∆(R), internal orbital and spin order parameters, ∆ˆ(k) and ∆ˆ(σ1, σ2), are
believed to preserve t → −t symmetry. The main goal of our Letter is to show that there
have to exist type-IV superconductors [12], which exhibit qualitatively different magnetic
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properties and are characterized by Cooper pairing with broken time reversal, t→ −t, and
inversion, k → −k, symmetries of internal order parameters in vortex phase. [Note that
we define type-IV superconductivity as singlet superconductivity at H = 0 and in Meissner
phase which exhibits broken symmetries of Cooper pairs internal wave functions in vortex
phase.]
More precisely, below we suggest and prove the following theorem: each singlet type-
II superconductor in the absence of impurities is actually type-IV superconductor with
broken t → −t and k → −k symmetries of internal order parameters in the vortex phase,
provided that effective constant, responsible for triplet (p-wave) superconducting pairing, is
not zero, gt 6= 0. We show that the above mentioned theorem is due to careful account for
paramagnetic spin splitting effects in vortex phase, which have been treated so far only in the
case gt = 0 [1,2,10,11,13]. In particular, we demonstrate that superconducting internal order
parameter is a mixture of a singlet component, ∆ˆs(k), with a triplet component, i ∆ˆt(k),
which breaks both inversion, k → −k, and time-reversal, t → −t, symmetries due to an
imaginary coefficient i. We point out that the above mentioned effects of singlet-triplet
mixing are expected to be of the order of unity in a number of modern relatively clean
type-II superconductors, where Hc2(0) ∼ Hp (see discussion in the end of the Letter). [Here,
Hc2(0) is orbital upper critical field at T = 0 [1,2,10,11] and Hp is Clogston paramagnetic
limiting field [13,1].
Although, in the Letter, we consider vortex phase with broken symmetries only in
Ginzburg-Landau (GL) region of a s-wave layered superconductor in a parallel magnetic
field, we stress that the suggested theorem is very general and based only on symmetry ar-
guments. As we argue below, the above mentioned theorem is a consequence of broken spin
symmetry (due to paramagnetic spin splitting effects) [13] and broken translational symme-
try of external orbital order parameter, ∆(R), in vortex phase. As a result, the theorem,
suggested in the Letter, has to be valid for any s- and d-wave singlet superconductor [14] for
both attractive and repulsive electron-electron interactions in a triplet (p-wave) channel.
In other words, the main our message is that Cooper pairs cannot be considered as
unchanged elementary particles in a magnetic field in modern type-II superconductors, where
Hc2(0) ∼ Hp. As shown below, magnetic fields of the order of H ∼ Hp qualitatively
change the nature of Cooper pairs in vortex phase. We suggest that, in relatively clean
conventional type-II superconductors, there have to exist the forth critical magnetic field,
Hc4(T ), corresponding to phase transition (or crossover) between Abrikosov vortex phase
and exotic vortex phase, where inversion and time-reversal symmetries of Cooper pairs are
broken and, thus, topologic properties of vortices are unusual (see Fig.1).
At first, let us qualitatively explain why paramagnetic effects lead to the appearance of a
triplet component in vortex phase of a conventional singlet superconductor. It is well known
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[10,11] that spin component of a singlet order parameter is antisymmetric function of spin
variables, ∆ˆs(+,−) = −∆ˆs(−,+). In the presence of Abrikosov vortices, external order
parameter, ∆(R), varies with coordinate R, which corresponds to superconducting pairing
of electrons with non-zero total momenta of Cooper pairs of the order of |p| ≃ h¯/ξ, where
ξ is a coherence length [1,2,10,11]. Let us consider superconducting pairing of two electrons
with total momentum |p0| 6= 0 in the presence of spin splitting paramagnetic effects (see
Fig.2). As it is seen from Fig.2, absolute value of spin component ∆(+,−) is not equal to
absolute value of spin component ∆(−,+) if |p0| 6= 0. This means that ∆(+,−) 6= −∆(−,+)
and, thus, in addition to singlet order parameter, a triplet component, corresponding to
superconducting pairing with |S| = 1 and Sz = 0, appears, where Sz is a component of total
spin of Cooper pair along magnetic field direction.
Below, we quantitatively describe superconducting pairing with internal order parameter,
exhibiting broken inversion and time-reversal symmetries, in a singlet s-wave superconductor
with layered electron spectrum,
ǫ0(p) = (p
2
x + p
2
y)/2m+ 2tz cos(pzd) , ǫF = mv
2
F/2 , (1)
in a magnetic field:
H = (0, H, 0) , A = (0, 0,−Hx) . (2)
In case, where electron-electron interactions do not depend on electron spins, the total
Hamiltonian of electron system can be written as follows:
Hˆ = Hˆ0 + Hˆint , Hˆ0 =
∑
p,σ
ǫσ(p) c
+
σ (p) cσ(p) ,
Hˆint =
1
2
∑
q,σ
∑
p,p1
U(p,p1) c
+
σ (p+
q
2
) c+−σ(−p+
q
2
) c−σ(−p1 + q
2
) cσ(p1 +
q
2
) , (3)
where σ = ±1, ǫσ(p) = ǫ0(p)−σµBH , c+σ (p) and cσ(p) are electron creation and annihilation
operators. As usually [10,11], electron-electron interactions are subdivided into singlet and
triplet channels:
U(p,p1) = Us(p,p1) + Ut(p,p1) , Us(p,p1) = Us(−p,p1) = Us(p,−p1) ,
Ut(p,p1) = −Ut(−p,p1) = −Ut(p,−p1) . (4)
Below, we define normal and anomalous (Gorkov) Green functions by standard way [15,16]:
Gσ,σ(p,p1; τ) = − < Tτcσ(p, τ)c+σ (p1, 0 >, Fσ,−σ(p,p1; τ) =< Tτcσ(p, τ)c−σ(−p1, 0) > ,
F+σ,−σ(p,p1; τ) =< Tτc
+
σ (−p, τ)c+−σ(p1, 0) > , (5)
where < ... > stands for Gibbs averaging procedure with Hamiltonian (3).
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If we define singlet and triplet superconducting order parameters [10,11],
∆s(p,q) = −1
2
∑
p1
Us(p,p1)T
∑
ωn
[F+,−(iωn;p1 +
q
2
,p1 − q
2
)− F−,+(iωn;p1 + q
2
,p1 − q
2
)] ,
∆t(p,q) = −1
2
∑
p1
Ut(p,p1)T
∑
ωn
[F+,−(iωn;p1 +
q
2
,p1 − q
2
) + F−,+(iωn;p1 +
q
2
,p1 − q
2
)] ,(6)
then, using Green-function technique [10,11,15,16], we obtain the following equations:
[iωn − ǫσ(p)]Gσ,σ(iωn;p,p1) +
∑
q
[σ∆s(p,q) + ∆t(p,q)]F
+
−σ,σ(iωn;p− q,p1) = δ(p− p1) ,
[iωn − ǫσ(p)]Fσ,−σ(iωn;p,p1)−
∑
q
[σ∆s(p,q) + ∆t(p,q)]G−σ,−σ(−iωn;−p1,−p+ q) = 0 ,
[iωn + ǫσ(p)]F
+
σ,−σ(iωn;p,p1) +
∑
q
[σ∆+s (p,q) + ∆
+
t (p,q)]Gσ,σ(iωn;p+ q,p1) = 0 , (7)
which extend Gorkov equations [15,16] to case of coexistence of singlet and triplet order
parameters (6). [Note that Eqs.(7), suggested in the Letter, are rather general and describe
coexistence of triplet and singlet order parameters for spin independent electron-electron
interactions at arbitrary temperatures].
The goal of our Letter is to solve Eqs.(7) in the case, where layered superconductor (1)
is placed in a parallel magnetic field (2). Below, we consider a phase transition line between
metallic and singlet-triplet mixed superconducting phases in GL region (i.e., at (Tc−T )/Tc ≪
1), where Tc is a transition temperature from metallic state to s-wave singlet phase at
H = 0. For this purpose, we linearize [17,10,11] Eqs.(7) with respect to superconducting
order parameters, ∆s(p,q) and ∆t(p,q). As a result, we obtain the following system of
linear equations:
∆s(p,q) = −1
2
∑
p1
Us(p,p1)T
∑
ωn
[∆s(p1,q)S+(iωn;p1,q) + ∆t(p1,q)S−(iωn;p1,q)] ,
∆t(p,q) = −1
2
∑
p1
Ut(p,p1)T
∑
ωn
[∆t(p1,q)S+(iωn;p1,q) + ∆s(p1,q)S−(iωn;p1,q)] ,
S+(iωn;p1,q) = G
0
+(iωn,p1 +
q
2
)G0−(−iωn,−p1 +
q
2
) +G0−(iωn,p1 +
q
2
)G0+(−iωn,−p1 +
q
2
) ,
S−(iωn;p1,q)] = G
0
+(iωn,p1 +
q
2
)G0−(−iωn,−p1 +
q
2
)−G0−(iωn,p1 +
q
2
)G0+(−iωn,−p1 +
q
2
) ,(8)
where G0σ(iωn,p) = 1/[iωn − ǫσ(p)] is Green function of a free electron in the presence of
paramagnetic spin splitting effects. One of the main results of our Letter is that terms with
S−(iωn,p1,q), mixing singlet and triplet superconducting pairings, are not equal to zero (see
Fig.2). Therefore, in Abrikosov vortex phase, singlet component of superconducting order
parameter always coexists with triplet one which breaks inversion symmetry of Cooper pairs.
As an example, let us consider coexistence of singlet s-wave and triplet p-wave order
parameters, where
Us(p,p1) = −(2π/vF ) gs , Ut(p,p1) = −(4π/vF ) gt cos(φ− φ1) , gs > 0, gs > gt , (9)
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with φ and φ1 being polar angles corresponding to momenta p and p1, respectively. [Note
that inequalities gs > 0 and gs > gt correspond to stabilization of a singlet s-wave su-
perconductivity at H = 0]. After substituting Eqs.(9) in Eqs.(8), we can represent sin-
glet and triplet components of the order parameter as follows: ∆s(p,q) = ∆s(q) and
∆t(p,q) = cosφ ∆t(q), which satisfy the equations:
∆s(q) = gs A ∆s(q) + gs B ∆t(q) , ∆t(q) = gt C ∆t(q) + gt D ∆s(q) . (10)
Since z-component of vector potential (2) depends only on coordinate x, we may consider
qy = 0 in Eqs.(10). Below, we calculate quantities A, B, C, and D in GL region [3,18,10,11]
which corresponds to their expansions as power series in small parameters vF qx/Tc ≪ 1,
tzdqz/Tc ≪ 1, and µBH/Tc ≪ 1. As a result, we obtain:
A ≃ (πT )
Ω∑
ωn>0
[
2
ωn
− 1
4ω3n
(v2F q
2
x + 4t
2
zq
2
zd
2 + 8µ2bH
2)
]
, B ≃ −
√
2µBHvF qx(πTc)
∞∑
ωn>0
1
ω3n
,
C ≃ (πT )
Ω∑
ωn>0
[
2
ωn
− 1
4ω3n
(3v2F q
2
x/2 + 4t
2
zq
2
zd
2 + 8µ2bH
2)
]
, D = B , (11)
where Ω is a cut-off energy.
We introduce magnetic field (2) in Eqs.(11) using a standard quasi-classical eiconal ap-
proximation [17,18,10,11]: qx → −i(d/dx), qz/2 → eAz/c = eHx/c, which leads to the
following GL equations extended to the case of triplet-singlet coexistence:
[
τ + ξ2‖
d2
dx2
− (2πξ⊥)
2
φ20
H2x2
]
∆s(x) + i
√
7ζ(3)√
2γ
ξ‖
(
H
Hp
)
d∆t(x)
dx
= 0 ,
[
gt − gs
gtgs
+
3
2
ξ2‖
d2
dx2
− (2πξ⊥)
2
φ20
H2x2
]
∆t(x) + i
√
7ζ(3)√
2γ
ξ‖
(
H
Hp
)
d∆s(x)
dx
= 0 , (12)
where τ = (Tc − T )/Tc ≪ 1, ξ‖ =
√
7ζ(3)vF/4
√
2πTc, ξ⊥ =
√
7ζ(3)tzd/2
√
2πTc are GL
coherence lengths [3,1,2], φ0 is a flux quantum, ζ(z) is Riemann zeta-function, γ is Euler
constant, Hp is Clogston paramagnetic limiting field [13].
In case, where gs − gt ∼ gs, Eqs. (12) have the following solutions:
∆s(x) = exp
(
−τx
2
2ξ2‖
)
, ∆t(x) = i
√
7ζ(3)
γ
(
gtgs
gt − gs
)√
τ
(
H
Hp
)(√
τx√
2ξ‖
)
exp
(
−τx
2
2ξ2‖
)
. (13)
Eqs.(12),(13) are the main results of our Letter. They extend GL equations [3,1,2] and
their famous Abrikosov solution for superconducting nucleus [19,1,2] to the case gt 6= 0.
Eqs.(12),(13) directly demonstrate that Abrikosov solution [19,1,2] is absolutely unstable in
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the absence of impurities and, thus, singlet order parameter is always mixed with triplet
one in vortex phase for both attractive, −gt < 0, and repulsive, −gt > 0, interactions in
triplet (p-wave) channel. From Eqs.(12),(13), it also follows that triplet component breaks
not only inversion symmetry, but also time reversal symmetry since ∆∗t (x) 6= ∆t(x) due to
imaginary coefficient i.
We hope that our results (8)-(13) open new area of research: theoretical and exper-
imental studies of exotic vortex superconducting phases in singlet superconductors with
their properties being even more unusual than that in the so-called unconventional super-
conductors [10,11]. We stress that type-IV superconductivity phenomenon, suggested in
the Letter, is inherent and very common property of singlet superconductivity. In fact,
we have shown that each s-wave [14] pure type-II superconductor is actually type-IV su-
perconductor. The finite amount of impurities may result in the appearance of the forth
critical field, Hc4(T ), which may correspond to phase transition (or crossover) between phase,
Hc1(T ) < H < Hc4(T ), where broken symmetries of Cooper pairs do not exist (or marginal)
and phase, Hc4(T ) < H < Hc2(T ), where broken inversion and time-reversal symmetries
are essential (see Fig.1). From Eqs.(13), it is directly seen that symmetry breaking triplet
component is of the order of unity at low temperatures in such modern strongly corre-
lated superconductors as organic, high-Tc, MgB2, and some others, where |gt| ∼ |gs| and
Hc2(0) ∼ Hp. In conclusion, we point out that spin splitting and broken translational
symmetry effects have been studied in Refs.[20-23] in different context.
The author devote results, obtained in this Letter, to his wife Natalia, whose enormous
support have given him a courage to set and to attack type-IV superconductivity problem.
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FIG. 1: A phase diagram of type-IV superconductor, which is singlet one at H = 0 and in Meissner
phase, 0 < H < Hc1(T ), and characterized by broken inversion and time-reversal symmetries at
low temperatures and high magnetic fields, Hc4(T ) < H < Hc2(T ). In the intermediate region of
magnetic fields, Hc1(T ) < H < Hc4(T ), broken symmetries may be absent or marginal.
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FIG. 2: In a magnetic field, electron spectra with spin up and spin down are split, ǫ+(p) =
ǫ0(p)− µBH and ǫ−(p) = ǫ0(p) + µBH, respectively. Two Cooper pairs with spin parts of internal
wave functions, ∆(+,−) and ∆(−,+), and total momenta p0 6= 0 are characterized by different
probabilities to exist since energy difference |ǫ1+ − ǫ1−| = p0vF + 2µBH is not equal to energy
difference |ǫ2−− ǫ2+| = −p0vF +2µBH if p0 6= 0. [For simplicity, linearized one-dimensional electron
spectrum, ǫ(p) = vF |p|, is considered].
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